This paper deals with stress-based optimization of membrane structures, where constraints on compressive stresses are used to avoid the formation of wrinkles on the membrane surface. The difficulty arises because a large number of constraints must be considered since stress is a local quantity and hence the problem becomes computationally intensive. The strategy of replacing the local compressive stresses by a global measure using the aggregated constraints approach is hence adopted. A shape optimization problem of a prestressed membrane roof is formulated such that the structural stiffness is increased by minimizing the strain energy subject to a single aggregated stress constraint. Further, an unconstrained multi-objective optimization problem is formulated and solved using a multi-objective genetic algorithm to find a representative set of Pareto-optimal solutions. For that purpose, a moving least squares metamodel has been built using sampling from an optimum latin hypercube design of experiments. Comparisons are then made between the single-and multi-objective optimization problem formulations.
Introduction
A membrane is prestressed to gain its stiffness in order to withstand the loads it is subjected to. The stresses in the membrane satisfy the conditions of static equilibrium by defining its own shape, typically a doubly-curved surface. Therefore, unlike for conventional structures, the shape of membrane structures made of thin fabric has to be found through a process of form finding. The most commonly used analogy in this process is the minimal surface of a soap film; the surface energy is minimized proportional to area and to having zero mean curvature and constant surface stress everywhere. This concept is however not uniformly accepted in many real-life designs. This is because a minimal surface is an ideal structure but for one load case only, the surface tension. Thus, the structure may not be stable due to external loads. Furthermore, there is a need, depending on the structural scale and geometry, to control the form or shape of the structure by means of a differential prestressing ratio, in order to limit deflection and wrinkling which is one of the major failure criteria of these structures. Membranes are easily buckled out-of-plane to form wrinkles when compressive stresses are about to appear [1] .
Shape optimization has recently been taken into account in the structural analysis of membrane structures during the design process. The maximum stiffness was considered as the objective to find an optimum prestress value and the height-tospan ratio of a conical membrane roof presented in [2] . The stiffness was described by the total nodal displacements of the finite element (FE) mesh and the conjugate gradient method was adopted to solve the optimization problem. An objective to obtain a specified shape with respect to a prestress ratio in two principal directions of the membrane surface was studied by [3] . Meanwhile, minimizing the strain energy of the membrane structures for maximum stiffness was proposed by [4] . Works on the multi-objective optimization problem in the design of membrane structures were also carried out [5, 6] . The weighted sum approach and Multiobjective Genetic Algorithm (MOGA) were used in the multi-objective optimization.
However, none of these solutions have ever been demonstrated to engage with the strategy to minimize the wrinkling of membranes until a study was carried out by [7] . This study considers a shape optimization of a prestressed membrane subjected to tensile forces in the xy-plane. The out-of-plane nodal displacement resulting from the wrinkles was minimized. The reference plane is z = 0, assuming that the membrane is flat. The objective function was formulated to aggregate the nodal displacements using the p-mean function [8] . It was found that this approach successfully smoothen the objective function over convergence using the Sequential Quadratic Programming (SQP). However, where in cases no reference plane can be designated in measuring the wrinkle physical out-of-plane deformation, i.e. amplitude, the viable option is to treat the magnitude of the compressive stresses defined in the Tension Field Theory (TFT) [9] , as an objective or a design constraint in the wrinkling minimization problem.
When dealing with stress-based constrained optimization problems, one of the difficulties is that the local nature of the stress constraint. In a continuum setting, stress constraints should be considered at every Gauss point. Albeit in a discrete setting, the number of such points is finite, it is still too large for practical applications. A resolution to this complication replaces the local stress constraints with a single integrated stress constraint that approximates the maximum/minimum stress value such as p-norm, p-mean, and the Kresselmeier-Steinhauser (KS) functions [10, 11, 12] , are common.
The optimization problem is formulated such that, the strain energy of the structure is minimized and the design variables are the pretension force in the edging cables, membrane prestress in the concave principal direction of the membrane, prestressing ratio between both convex and concave principal directions, and the curvature of the edging cables, which they define the shape of the membrane surface. The optimization is performed subject to the constraint over the compressive stresses due to wrinkling.
The drawback of the application of optimization techniques to structural problems is it leads often to high number of expensive function evaluations. This is particularly true for FE simulation of a wrinkled membrane, which involves fine mesh, high numbers of degrees of freedom, nonlinear geometrical and material behaviour. In these cases, it is impractical for solving an optimization problem using the Genetic Algorithm (GA) through FE simulation, as a long-run time is required. Hence, metamodels are often used to replace such complex model, diminishes the cost of the functions evaluation. Often, it is a good practice, prior to optimization, to investigate the significance of each design variable contributes to the system responses. It is not only reducing the computational cost but also further simplifying the optimization problem.
In this paper, a Moving Least Squares (MLS) metamodel is first built from the optimum Latin Hypercube design of experiments (DoE). Then, an Analysis of Variance (ANOVA) from the Least Square Regression (LSR) approximation is performed for screening to eliminate insignificant design variables. In the final section, an unconstrained multi-objective optimization problem using the Multiobjective Genetic Algorithm (MOGA) based on the MLS metamodel is also presented. Strain energy and minimum minor principal stress are optimized simultaneously. Obtained results demonstrate that the trade-offs in the multiobjective optimization using the MOGA show that a minimum strain energy design can be achieved and that this maximum stiffness design is not necessarily equivalent to a wrinkle-free membrane surface. This reflects the importance where multiple objectives are optimized simultaneously in certain circumstances; without the most important objective is kept and other objectives are transformed into constraints as in a single-objective optimization.
Aggregated Constraints Functions
When a stress constraint is treated as a local constraint for every Gauss point of each finite element, a full local control of the stress state can be achieved but it dramatically increases the size of the optimization problem and computational time. On the other hand if only the maximum stress is considered, the resulting function is not differentiable, hence it needs to be smoothed, especially when fast gradientbased optimization techniques are used. Several aggregated constraints function formulations such as p-norm, p-mean, and the Kresselmeier-Steinhauser (KS) function are known and can be used to transform the local stresses into a global measure to approximate the maximum (or minimum) value of the stresses during optimization. They have been applied to several applications of the continuum-type topology optimization with stress constraints [13] .
The asymptotic values of the p-mean, p-norm, and KS functions are:
where p and  are positive integers used to approximate the maximum value of n element stresses  e . If p ≤ q ≤ , then p-norm function has the property that (4) while for the p-mean function (5) and similarly if  ≤ q ≤ , for the the KS function (6) Inequalities (4), (5) and (6) can be reordered as (7) (8) So, for a given p or , the maximum stress value is always bound by the p-norm and the KS functions from above, but from below by the p-mean function.
Optimum Latin Hypercube Design of Experiments
The quality of a metamodel strongly relies on not only the sampling size but also on the type of the design of experiments (DoE). A global metamodel is required to be accurate uniformly within a given design space and therefore a uniform DoE is typically preferred, like the Latin Hypercube, which has a reasonably uniform sampling point distribution property.
In this study, an optimality criterion-based Latin Hypercube DoE obtained by a permutation genetic algorithm (PermGA) was used [14] . Two Latin Hypercube DoE subsets, namely a model building DoE and a validation DoE, are constructed simultaneously and merged together so that the merged DoE also has the similar optimized space-filling property and uniformity of the design to that of the DoE subsets. This means that an optimum Latin hypercube DoE is constructed that consists of the optimum DoE subsets.
In this context, the objective function F of each DoE is equivalent to the value of the Audze-Eglais potential energy of the system of DoE points and it is minimized. This objective function can be described as the potential energy of the repulsive forces exerted between the DoE points represented by a unit mass. When these points are released from an initial state, they migrate towards a state of equilibrium in which the system has minimum potential energy, while adhering to the Latin hypercube convention. The magnitude of the repulsive forces is inversely proportional to the squared distance between the points L. The fitness values of the model building DoE F b , validation DoE F v , and merged DoE F m are (9) (10) (11) The multi-objective optimization problem solved by a PermGA can be stated as (12) 
Moving Least Squares Metamodel
The Moving Least Squares Method (MLSM) is a metamodel building technique that is a generalization of a conventional weighted least squares model building. The main differences is that the weights, associated with the individual DoE sampling points, do not remain constant but are functions of the normalized distance from a DoE sampling point to a point x where the metamodel is evaluated. The weight, associated with a particular sampling point x i , decays as a point x moves away from x i . Because the weight function is defined around the prediction point x and its magnitude changes or "moves" with x, the approximation function obtained by the least squares fitting is called the Moving Least Squares (MLS) approximation of the original response function. Because the weights w i are functions of x, the polynomial basis function coefficient are also dependent on x. This means that it is not possible to obtain an analytical form of the approximation function but its evaluation is still computationally inexpensive. It is possible to control the "closeness of fit" of the approximation into the DoE sampling points by changing a parameter in a weight decay function w i (r) where r is the distance from the i th sampling point. This parameter defines the rate of weight decay. This feature of MLSM allows it to efficiently handle the issue of numerical noise in the response by adjusting the closeness of fit and setting it to a close fit in a noiseless situation or changing it to a loose fit when the response exhibits a considerable amount of numerical noise.
There are several types of the weight decay functions including Gaussian function and polynomials. The Gaussian function ,
is shown in Figure 1 where is normalized distance from the i th sampling point to a current point. The parameter  defines the closeness of fit. The case  = 0 is equivalent to the traditional least squares regression. When the parameter  is large, it is possible to obtain a very close fit through the sampling points, if desired. The following Figure 1 illustrates the change of the weight over the interval [0, 1] where the sampling point is at r = 0. 
Multi-objective Optimization
Real-world design problems often present multiple, frequently conflicting, objectives that have to be simultaneously optimized. For example, in this study a desirable design of membrane structures can be that of low cost, high durability, aesthetically pleasing, etc. In this case, a solution that offers an optimum solution according to every single criterion is impossible, but trade-offs exist among the objectives in most cases; a set of alternative valid solutions will be proposed instead. These are solutions for which no objective can be improved without deteriorating another, they are defined as a Pareto optimal set as in Figure 2 . Thus, the natural "better than" or "worse than" relationship between alternative solutions is no longer hold. The relationship among individuals is described as a "domination" relationship. A solution in the Pareto optimal set cannot be declared as "better than" others in the set without using other information such as preference to rank the competing objectives. A generic formulation of a multi-objective optimization problem of n objectives can be stated as follows (14) ;
. is a vector of the objectives, are M constraints, and x is a P-dimensional vector representing the design variables within a design space .
Example

Model description
A prestressed hyperbolic paraboloid, also known as hypar or saddle, membrane roof structure loaded by a static uniform distributed transverse pressure load was considered in the optimization problem [15] . FE modelling and membrane wrinkling simulation was performed using Abaqus FEA software. Figure 3 shows the nominal design of the membrane structure in which the horizontal span is L = 3.892 m and the vertical height H = 1.216 m. A reasonably fine mesh shown in Figure 3 was used to capture the wrinkling pattern. The membrane is pinned at its corners and supported by flexible, pretensioned edging cables made of steel. The material properties are summarized in Table 1 The membrane surface was discretized using shell elements and edging cables were modelled with beam elements. A uniform biaxial prestress of 4 kN/m was applied to induce the stiffness in the membrane. The edging ropes were pretensioned by 1 kN for reinforcement. A static uniformly distributed surface pressure load of 4.8 kPa was applied to trigger large wrinkles. A geometrically nonlinear analysis was performed in Abaqus/Standard with the adaptive automatic stabilization algorithm activated to ensure convergence.
The major and minor principal stress contours for the wrinkled membrane are plotted in Figure 4 . Large compressive stresses are seen along the crests and the troughs of the wrinkles and tensile stresses are in the region between them. This indicates that membrane is in tension in the concave direction and in compression in the convex direction as illustrated in Figure 5 . The compressive stresses have a maximum value of 5.76 kPa. 
Problem Formulation
Due to high flexibility of membrane structures, deflection is the main structural response as a result of external loads. As one extreme case, the strain induced in a membrane is several orders of magnitude larger than that in the conventional structural materials. As the other extreme, wrinkling occurs when the membrane has low stiffness due to insufficient prestress level or differential prestressing ratio. Consequently, designing a membrane structure is instead driven by its structural stiffness rather than material strength. In this study, the stiffness is formulated as the strain energy of the structure via elastic deformation so that maximum stiffness can be achieved by minimizing the strain energy U. The objective function is stated as minimize where (14) and x is the vector of design variable.
To design a wrinkle-free membrane structure, avoidance of the compressive stress or, more specifically, the negative minor principal stress in an element is treated as the design constraint. In a valid design such negative stresses are not permitted. We define the global measure by first considering the original problem with the constraints, one for each element (16) where is the vector of minor principal stress, is its lower bound, and is the element index. These constraints can be restated in terms of a single minimum function
It is also worth mentioning that the membrane can be partially wrinkled (see Figure 4(b) ). Indeed, the minor principal stress levels are dramatically affected by the wrinkle intensity in the neighbouring regions within the membrane domain, and Tension Compression this phenomenon is particularly pronounced in regions with large spatial stress gradients such as in the convex direction and the corners. This means that the minor principal stress can be either positive or negative. Therefore the design optimization problem formulations and their solution algorithms should be numerically consistent to avoid convergence problems. In this study, we propose to use a modified minor principal stress by adding an artificial positive integer a to stresses in every element (18) where a should be large enough to prevent negative minor principal stress contributes to the minimum function. The minimum bound in (15) The function in Eq. (20) is however non-differentiable. Therefore a global measure using the aggregated constraints functions reviewed in section 2 is used. When a minimum stress is considered (that corresponds to the negative minor principal stress), then p and  have to be negative integers, cf. Eq. In this problem four design variables were used in the optimization problem formulation. The nominal value and bound limits of the design variables are given in Table 2 . The principal membrane prestress in concave principal direction P t , prestressing ratio , shape factor , and pretension force T for the edging cables are denoted by x 1 , x 2 , x 3 , x 4 , respectively. The membrane prestress in the convex principal direction p w (where a greater magnitude of the prestress is required to control the wrinkles) was applied via a prestressing ratio  expressed as (24) The curvature (in terms of sag measured as percentage of the horizontal span L) of the edging cables is represented by a shape factor . The shape was morphed using the HyperMorph module in Altair HyperMesh 11.0 software. The shape factor is the normalized perturbation load induced to the FE mesh during morphing process. The coordinates of each node are then moved proportionally to the shape factor in the optimization; the mesh is stretched or compressed to match the desired shape. In common practice, the sag of the edging cables is ranged between 10% and 15% of the horizontal span L. Figure 6 shows the morphed shape of the membrane roof. 
Results and Discussion
Metamodel Building
The MLS approximation method in Altair HyperStudy 11.0 software was used for metamodel building. An MLS metamodel was constructed from a 100 point uniform Latin Hypercube DoE, i.e. 70 points for model building DoE and 30 points for validation DoE. The Gaussian weight decay function was used and the closeness of fit parameter was selected by maximising the R 2 statistical measure of the fitting quality as checked on the validation DoE. Finally, the metamodel was rebuilt on the merged DoE using the obtained closeness of fit parameter value. Having obtained the desired DoEs, the MLS method was used to construct the metamodel which provides a continuous representation of the complete design space. The second order base polynomial was used. The R 2 values for the metamodel building DoE, validation DoE and the merged DoE, of two selected system responses are given in Table 3 Table 3 : R 2 values.
Single-objective Optimization
Analysis of Variance (ANOVA) is a statistical technique for estimating error variance and determining the relative importance of various design variables. The ANOVA was performed on a polynomial least squares approximation in HyperStudy. It was found that alteration on the curvature of the edging cables has the most effect to the strain energy response of the structure. This is because it alters the curvature properties of the membrane surface and hence the load-bearing and deformation behaviour; the shape of the membrane is thus a function of the edge geometry. The increase of the edge curvature is accompanied by the increase of the stresses on the membrane surface. The more pronounced the curvature of the edging is, the higher will be the maximum and the smaller the minimum Gaussian curvature. Evidently, the prestressing ratio applied in different principal directions determines the magnitude of the compressive stresses due to wrinkling. The pretension force of the edging cables was initially considered as one of the design variables determining the geometry of the edging, but due to the difference in material properties the strain energy induced in the steel cables is several order smaller than in the membrane. Thus, pretension force applied to the edging cables can be disregarded as a design variable in the optimization when strain energy minimization is sought. Subsequently, the remaining active design variables in the metamodel-based optimization are: (1) principal membrane prestress in concave direction P t (x 1 ), (2) prestressing ratio  (x 2 ), and (3) shape factor  (x 3 ).
The accuracy of the MLS metamodel was investigated prior to optimization. Table 4 below shows the percentage of error of the strain energy and the minimum stress function (Eq. 19) evaluated by the metamodel and the FE solver indicating the sufficient quality of the metamodel. The SQP algorithm was used to solve the optimization problem. Results from the tables above show that aggregated stress constraints bounds the minimum value of individual function, which is the limit value when the negative p and  parameters tend to minus infinity ( -500 was used as the smallest value in the Tables above). The p-norm and KS functions are conservative since their aggregated minimum stress values are always smaller than . In contrast, the minimum value of stress aggregated by p-mean function is always larger than that in the minimum function, which envelops the feasible solutions, as depicted in Figure  9 . As can be observed in the unit circle (the set of all vectors of norm 1) plots, the distance between each aggregated function and the minimum stress ( [1, 1] ) depends strongly on the p and  parameters. The smaller (negative) these parameters are, the closer the associated function approximates the minimum stress. In order to have a better control of the minimum value of stress criterion with the aggregated constraints, one has to take the absolute value of the parameter p and  as larger as possible (i.e. these values have to be as smaller as possible in our case due to the minus sign when the minimum stress value is approximated). This is because the value of p and  also determine the region of influence of the associated function (see Figure 9 ). For smaller p and , the value of the function is dominated by the smallest stress value, so the effect of the function is limited to the neighbourhood of these smallest stresses. Unfortunately, this solution is not practical as we observed that the optimization problem becomes ill-conditioned and the number of iterations increased. The reason is that these functions also approximate the discontinuity of , which introduces regions with high curvature causing similar numerical problem as when the discontinuous constraint is adopted. The optimization converged after 18 iterations for the constraint on the minimum stress. It was found that the number of iterations was reduced to 13 iterations for the p-mean stress function; to 10 and 9 iterations for p-norm and KS stress functions, respectively, when the p and  parameter was taken as -500.
In general, it was observed that the p-mean stress function is performing well when p = -400, which results a better solution compared to the other two regardless the number of iterations in the optimization. When dealing with maximization of minimum stress, the p-mean stress function should be used with care where the p parameter should be reasonably small, i.e. -50, to approximate the minimum stress as close as possible when the SQP optimizer converges, for otherwise a convergence problem could arise. The results produced by using the p-norm and KS stress functions are fairly similar, including the convergence behaviour. Figure 10 shows the stress distribution of the optimized design of the membrane roof using the minimum stress function  min . The contours also show that the membrane is in tension when compressive stresses were eliminated from the surface during the optimization process, leading to a smooth doubly curved surface. The deformed membrane shape of the optimum design is also shown in Figure 11 where no wrinkles are seen as compared to large wrinkles formed in the diagonal, i.e. convex direction, in the nominal design when loaded. 
Multi-objective Optimization
In multi-objective optimization, we defined the objectives as: (1) minimize the strain energy, and (2) maximize the minimum minor principal stress. The results as shown in Figure 12 below are obtained after 50 iterations, with a total of 17,762 analyses on the metamodel. Note that, contrary to single-objective optimization, MOGA will produce, for a given iteration, a set of Pareto points. The obtained Pareto set consists of 500 non-dominated points. In this plot, x-axis is the strain energy and y-axis is the minor principal stress. The trade-off is based on selecting the best compromise between the two competing objectives. The intersection of the solid red lines shows the location the nominal design. The trade-offs show that a minimum strain energy design can be achieved and that this maximum stiffness design is not necessarily equivalent to a wrinkle-free membrane. 
Conclusion
This study is illustrated by shape optimization of a hypar membrane roof. The objective is to minimize the strain energy while meeting the design constraint over the compressive stresses to elininate the wrinkles on the membrane surface. Singleand multi-objective optimization problems are presented. The multi-objective GA was used to generate a set of Pareto optimal solutions allowing trade-off analyses and pick the best design for various scenarios. An MLS metamodel is built from an optimum Latin Hypercube DoE, where the uniformity of sample points within the design space is optimized. It is shown that the metamodel has a good predictive property of the responses of the system. The use of metamodel-based optimization addressed the issue of the long-run time that is required by genetic algorithm to find the optimal solutions. ANOVA is also performed to discard insignificant design variables, leading to substantial savings of computational resources.
The use of p-norm, p-mean, and KS functions to account for stress response during optimization shows that this approach is practical as it allows to lump all local stress constraints into a single constraint in the optimization process. With this process, the convergence of the gradient-based algorithms is improved thus reducing the computational cost. The parameters p and  determine the region of influence of the associated function. The drawback of this approach to stress constraint formulation is that it involves a "trial and error" process.
Simply imposing a minimum bound value on the compressive stress constraint in the single-objective optimization can limit the design flexibility in contrast to multiobjective optimization where many possible designs are produced to provide choices to the designer instead of a single optimum solution. The trade-offs in the multi-objective optimization using the MOGA show that a minimum strain energy design can be achieved and that this maximum stiffness design is not necessarily equivalent to a wrinkle-free membrane surface.
